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The theory of possibility described in this paper is related to the theory of fuzzy sets by defining the
concept of a possibility distribution as a fuzzy restriction which acts as an elaslic constraint on the
values that may be assigned to a variable. More specifically, if F is a fuzzy subset of a universe of
discourse U = {u} which is characterized by its membership function g, then a proposition of the
forin “X is F,”” where X is a variable taking values in U, induces a possibility distribution [Ty which
equates the possibility of X taking the vatue u to puy{(u)—the compatibility of u with F. In this way, X
becoines a fuzzy variable which is associated with the possibility distribution ITy in much the same
way as a random variable is associated with a probability distribution. In general, a variable may be
associated both with a possibility distribution and a probability distribution, with the weak
connection between the two expressed as the possibility/probability consistency principle.

A thesis advanced in this paper is that the imprecision that is intrinsic in natural languages is, in
the main, possibilistic rather than probabilistic in nature. Thus, by employing the concept of a
possibility distribution, a proposition, p, in a natural language may be translated into a procedure
which computes the probability distribution of a set of attributes which are implied by p. Several types
of conditional translation rules are discussed and, in particular, a translation rule for propositions of
theform*“X is F is a-possible,” where a is a number in theinterval [0, 1], is formulated and illustrated by
examples.

1. Introduction

The pioneering work of Wiener and Shannon on the statistical theory of
communication has led to a universal acceptance of the belief that information is
intrinsically statistical in nature and, as such, must be dealt with by the methods
provided by probability theory.

Unquestionably, the statistical point of view has contributed deep insights into the
fundamental processes involved in the coding, transmission and reception of data, and
played a key role in the development of modern communication, detection and
telemetering systems. In recent years, however, a number of other important
applications have come to the fore in which the major issues center not on the
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transmission of information but on its meaning. In such applications, what matters
is the ability to answer questions relating to information that is stored in a
database—as in natural language processing, knowledge representation, speech
recognition, robotics, medical diagnosis, analysis of rare events, decision-making under
uncertainty, picture analysis, information retrieval and related areas.

A thesis advanced in this paper is that when our main concern is with the meaning of
information—rather than with its measure—the proper framework for information
analysis is possibilistic' rather than probabilistic in nature, thus implying that what is
needed for such an analysis is not probability theory but an analogous—and yet
different—theory which might be called the theory of possibility.?

As will be seen in the sequel, the mathematical apparatus of the theory of fuzzy sets
provides a natural basis for the theory of possibility, playing a role which is similar to
that of measure theory in relation to the theory of probability. Viewed in this
perspective, a fuzzy restriction may be interpreted as a possibility distribution, with its
membership function playing the role of a possibility distribution function, and a fuzzy
variable is associated with a possibility distribution in much the same manner as a
random variable is associated with a probability distribution. In general, however, a
variable may be associated both with a possibility distribution and a probability
distribution, with the connection between the two expressible as the
possibility/probability consistency principle. This principle—which is an expression of
a weak connection between possibility and probability-—will be described in greater

detail at a later point in this paper.

The importance of the theory of possibility stems from the fact that—contrary to
what has become a widely accepted assumption—much of the information on which
human decisions are based is possibilistic rather than probabilistic in nature. In
particular, the intrinsic fuzziness of natural languages—which is a logical consequence
of the necessity to express information in a summarized form—is, in the main,
possibilistic in origin. Based on this premise, it is possible to construct a universal
language® in which the translation of a proposition expressed in a natural language
takes the form of a procedure for computing the possibility distribution of a set of fuzzy
relations in a data base. This procedure, then, may be interpreted as the meaning of the
proposition in question, with the computed possibility distribution playing the role of
the information which is conveyed by the proposition.

The present paper has the limited objective of exploring some of the elementary
properties of the concept of a possibility distribution, motivated principally by the
application of this concept to the representation of meaning in natural languages. Since
our intuition concerning the properties of possibility distributions is not as yet well
developed, some of the definitions which are formulated in the sequel should be viewed
as provisional in nature.

'The term possibilistic—in the sense used here—was coined by Gaines and Kohout in their paper on
possible automata [1].

2The interpretation of the concept of possibility in the theory of possibility is quite different from that of
modal logic [2] in which propositions of the form “It is possible that...” and “It is necessary that...” are

considered.
3Such a language, called PRUF (Possibilistic Relational Universal Fuzzy), is described in [30].
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2. The concept of a possibility distribution

What is a possibility distribution ? It is convenient to answer this question in terms of
another concept, namely, that of a fuzzy restriction [4, 5], to which the concept of a
possibility distribution bears a close relation.

Let X be a variable which takes values in a universe of discourse U, with the generic
element of U denoted by v and

X =u (2.1)

signifying that X is assigned the value u, ueU.

Let F be a fuzzy subset of U which is characterized by a membership function pg.
Then Fis a fuzzy restriction on X (or associated with X ) if F acts as an elastic constraint
on the values that may be assigned to X—in the sense that the assignment of a value u to
X has the form

X =u:uplu) (2.2)

where u.(u) is interpreted as the degree to which the constraint represented by F is
satisfied when u is assigned to X. Equivalently, (2.2) implies that 1 — u(u) is the degree
to which the constraint in question must be stretched in order to allow the assignment
ofutoX.*

Let R(X') denote a fuzzy restriction associated with X. Then, to express that F plays
the role of a fuzzy restriction in relation to X, we write

R(X)=F. (2.3)

An equation of this form is called a relational assignment equation because it represents
the assignment of a fuzzy set (or a fuzzy relation) to the restriction associated with X.

To illustrate the concept of a fuzzy restriction, consider a proposition of the form p
2 X is F,® where X is the name of an object, a variable or a proposmon and F is the
name of a fuzzy subset of U, as in “Jessie is very intelligent,” “X is a small number,”
“Harriet is blonde is quite true,” etc. As shown in [4] and [6], the translation of such a
proposition may be expressed as

R(A(X))=F (2.4)

where A(X)is an 1mplled attribute of X which takes values in U, and (2.4) signifies that
the proposition p—-X is F has the effect of assigning F to the fuzzy restriction on the
values of A(X).

As a simple example of (2.4), let p be the proposition “John is young,” in which young
is a fuzzy subset of U =[0, 100] characterized by the membership function

ﬂyoung(u) =1- S(U; 20: 30, 40) (25)

4A point that must be stressed is that a fuzzy set per séis not a fuzzy restriction. To be a fuzzy restriction, it
must be acting as a constraint on the values of a variable.

5The symbol = = stands for “denotes” or “is defined to be”.
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where u is the numerical age and the S-function is defined by [4].

S(u;e, B,y)=0 foruzge (2.6)
N2
=2(u) forasusp
P~
2
=1 ‘2<u—y) forfSusy
y—a
=1 foruzvy,

in which the parameter f £ («+7)/2 is the crossover point, that is, S(8;a, 8,y)=0.5. In
this case, the implied attribute A (X )is Age(John) and the transiation of “John is young”
assumes the form:

John is young— R(Age(John))=young. (2.7)

To relate the concept of a fuzzy restriction to that of a possibility distribution, we
interpret the right-hand member of (2.7) in the following manner.

Consider a numerical age, say u =28, whose grade of membership in the fuzzy set
young (as defined by (2.5)) is approximately 0.7. First, we interpret 0.7 as the degree of
compatibility of 28 with the concept labeled young. Then, we postulate that the
proposition “John is young” converts the meaning of 0.7 from the degree of
compatibility of 28 with young to the degree of possibility that John is 28 given the
proposition “John is young.” In short, the compatibility of a value of u with young
becomes converted into the possibility of that value of u given “John is young.”

Stated in more general terms, the concept of a possibility distribution may be defined
as follows. (For simplicity, we assume that A(X)=X.)

Definition 2.1, Let F be a fuzzy subset of a universe of discourse U which is
characterized by its membership function u,, with the grade of membership, uz(1),
interpreted as the compatibility of  with the concept labeled F.

Let X be a variable taking values in U, and let F act as a fuzzy restriction, R(X),
associated with X. Then the proposition “X is F,”” which translates into

R(X)=F, (2.8)

associates a possibility distribution, I1y, with X which is postulated to be equal to R(X),
ie.,

My =R(X). (2.9)
Correspondingly, the possibility distribution function associated with X (or the

possibility distribution function of Tl,) is denoted by =y and is defined to be
numerically equal to the membership function of F, i.e.,

Ty = g (2.10)

Thus, nty(u), the possibility that X =u, is postulated to be equal to ug(u).
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In view of (2.9), the relational assignment equation (2.8) may be expressed
equivalently in the form

My=F, (2.11)

placing in evidence that the proposition p £ X is F has the effect of associating X with a
possibility distribution I, which, by (2.9), is equal to F. When expressed in the form of
(2.11), a refational assignment equation will be referred to as a possibility assignment
equation, with the understanding that ITy is induced by p.

As asimple illustration, let U be the universe of positive integers and let F be the fuzzy
set of small integers defined by (+ £ union)

small integer = 1/1 + 1/2 +0.8/3 +0.6/4 +0.4/5 + 0.2/6.

Then, the proposition “X is a small integer” associates with X the possibility
distribution

I, =1/1+1/2+0.8/3+0.6/4 +0.4/5+0.2/6 (2.12)

in which a term such as 0.8/3 signifies that the possibility that X is 3, given that X is a
small integer, is 0.8.

~ There are several important points relating to the above definition which are in need
of comment.

First, (2.9) implies that the possibility distribution IT, may be regarded as an
interpretation of the concept of a fuzzy restriction and, consequently, that the
mathematical apparatus of the theory of fuzzy sets—and, especially, the calculus of
fuzzy restrictions [4]—provides a basis for the manipulation of possibility distri-
butions by the rules of this calculus,

Second, the definition implies the assumption that our intuitive perception of the
ways in which possibilities combine is in accord with the rules of combination of fuzzy
restrictions. Although the validity of this assumption cannot be proved at this juncture,
it appears that there is a fairly close agreement between such basic operations as the
union and intersection of fuzzy sets, on the one hand, and the possibility distributions
associated with the disjunctions and conjunctions of propositions of the form “X is F.”’
However, since our intuition concerning the behaviour of possibilities is not very
reliable, a great deal of empirical work would have to be done to provide us with a
better understanding of the ways in which possibility distributions are manipulated by
humans. Such an understanding would be enhanced by the development of an
axiomatic approach to the definition of subjective possibilities—an approach which
might be in the spirit of the axiomatic approaches to the definition of subjective
probabilities [7, 87.

Third, the definition of my(u) implies that the degree of possibility may be any
number in the interval [0, 1] rather than just 0 or 1. In this connection, it should be
noted that the existence of intermediate degrees of possibility is implicit in such
commonly encountered propositions as “There is a slight possibility that Marilyn is
very rich,” “It is quite possible that Jean-Paul will be promoted,” “It is almost
impossible to find a needle in a haystack,” etc.



14 L.A. Zadeh | Fuzzy Sets and Systems 100 Supplement (1999) 9-34

It could be argued, of course, that a characterization of an intermediate degree of
possibility by a label such as “slight possibility” is commonly meant to be interpreted as
“slight probability,” Unquestionably, this is frequently the case in everyday discourse.
Nevertheless, there is a fundamental difference between probability and possibility
which, once better understood, will lead to a more careful differentiation between the
characterizations of degrees of possibility vs. degrees of probability—especially in legal
discourse, medical diagnosis, synthetic languages and, more generally, those
applications in which a high degree of precision of meaning is an important
desideratum.

To illustrate the difference between probability and possibility by a simple example,
consider the statement “Hans ate X eggs for breakfast,” with X taking values in U = {1,
2,3,4,...}. We may associate a possibility distribution with X by interpreting n,(u) as
the degree of ease with which Hans can eat u eggs. We may also associate a probability
distribution with X by interpreting P, (u) as the probability of Hans eating « eggs for
breakfast. Assuming that we employ some explicit or implicit criterion for assessing the
degree of ease with which Hans can eat u eggs for breakfast, the values of n,(u) and
py(u) might be as shown in Table 1.

Table 1
The possibility and probability distributions associated with X

u 1 2 3 4 5 6 7 8
wy(u) 1 1 1 1 08 06 04 02
Py (u) 01 08 01 O 0 0 0 0

We observe that, whereas the possibility that Hans may eat 3 eggs for breakfast is 1,
the probability that he may do so might be quite small, e.g., 0.1. Thus, a high degree of
possibility does not imply a high degree of probability, nor does a low degree of
probability imply a low degree of possibility. However, if an event is impossible, it is
bound to be improbable. This heuristic connection between possibilities and
probabilities may be stated in the form of what might be called the
possibility/probability consistency principle, namely:

Il a variable X can take the values u,,...,u, with respective possibilities [1=(n,,...,,)
and probabilities P = (p,,...,p,), then the degree of consistency of the probability
distribution P with the possibility distribution [T is expressed by { + £ arithmetic sum)

y”_‘nlpl'i' T +7Inpn' (2.13)

It should be understood, of course, that the possibility/probability consistency
principle is not a precise law or a relationship that is intrinsic in the concepts of
possibility and probability. Rather it is an approximate formalization of the heuristic
observation that a lessening of the possibility of an event tends to lessen its
probability—but not vice-versa. In this sense, the principle is of use in situations in
which what is known about a variable X is its possibility—rather than its probability—
distribution. In such cases—which occur far more frequently than those in which the
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reverse is true—the possibility/probability consistency principle provides a basis for
the computation of the possibility distribution of the probability distribution of X.
Such computations play a particularly important role in decision-making under
uncertainty and in the theories of evidence and belief [9-12].

In the example discussed above, the possibility of X assuming a value u is interpreted
as the degree of ease with which u may be assigned to X, e.g., the degree of ease with
which Hans may eat u eggs for breakfast. It should be understood, however, that this
“degree of ease” may or may not have physical reality. Thus, the proposition “John is
young” induces a possibility distribution whose possibility distribution function is
expressed by (2.5). In this case, the possibility that the variable Age(John) may take the
value 28 is 0.7, with 0.7 representing the degree of ease with which 28 may be assigned to
Age(John) given the elasticity of the fuzzy restriction labeled young. Thus, in this case
“the degree of ease” has a figurative rather than physical significance.

2.1. Possibility measure

Additional insight into the distinction between probability and possibility may be
gained by comparing the concept of a possibility measure with the familiar concept of a
probability measure. More specifically, let 4 be a nonfuzzy subset of U and let IT, be a
possibility distribution associated with a variable X which takes values in U. Then, the
possibility measure, n(A), of A is defined as a number in [0, 1] given by®

(A) = Sup, ey (4), (2.14)

where 7y (u) is the possibility distribution function of I1. This number, then, may be
interpreted as the possibility that a value of X belongs to A, that is

Poss{X € A} 2n(A) (2.15)

= Sup, oy (u).

When A is a fuzzy set, the belonging of a value of X to A4 is not meaningful. A more
general definition of possibility measure which extends (2.15) to fuzzy sets is the
following.

Definition 2.2. Let A be a fuzzy subset of U and let IT be a possibility distribution
associated with a variable X which takes valuesin U. The possibility measure, n(A), of A
is defined by

Poss{X is A} 2 n(4) (2.16)

= SUPyey ) ATy (W),

*The measure defined by (2.14) may be viewed as a particular case of the fuzzy measure defined by Sugeno
and Terano [20,21]. Furthermore, n(4) as defined by (2.14) provides a possibilistic interpretation for the
scale function, o(A), which is defined by Nahmias [22] as the supremum of a membership function over a
nonfuzzy set A.
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where “X is A"’ replaces “X €A’ in (2.15), i, is the membership function of 4, and A
stands, as usual, for min. It should be noted that, in terms of the height of a fuzzy set,
which is defined as the supremum of its membership function [23], (2.16) may be
expressed compactly by the equation

n(A)& Height(4 A ITy). (2.17)

As a simple illustration, consider the possibility distribution (2.12) which is induced
by the proposition “X is a small integer.” In this case, let A be the set {3, 4, 5}. Then

m(A)=08v0.6v0.4=0.8,

where v stands, as usual, for max.
On the other hand, if A is the fuzzy set of integers which are not small, i.e.,

A20.2/3+0.4/4+0.6/5+0.8/6+1/7+ - (2.18)

then
Poss{X is not a small integer} = Height(0.2/3 + 0.4/4 +0.4/5 + 0.2/6)
=04. (2.19)

1t should be noted that (2.19) is an immediate consequence of the assertion
X is F=>Poss{X is A} =Height(F n A4), (2.20)

which is implied by (2.11) and (2.17). In particular, if A is a normal fuzzy set (i.e.,
Height(A)=1), then, as should be expected

X is A=>Poss{X is 4} =1. (2.21)

Let A and B be arbitrary fuzzy subsets of U. Then, from the definition of the
possibiliy measure of a fuzzy set (2.16), it follows that’

n(AuB)=mn(A)v n(B). (2.22)

By comparison, the corresponding relation for probability measures of 4, B and
A v B (if they exist) is

P(AuB)XP(A)+P(B) (2.23)
and, il 4 and B are disjoint (i.e., p (u)ug(u)=0),

P(A v B)=P(A)+P(B), (2.24)

"1t is of interest that (2.22) is analogous to the extension principle for fuzzy sets [5], with + (union) in the
right-hand side of the statement of the principle replaced by v.
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which expresses the basic additivity property of probability measures. Thus, in contrast
to probability measure, possibility measure is not additive. Instead, it has the property
expressed by (2.22), which may be viewed as an analog of (2.24) with + replaced

by v.
In a similar fashion, the possibility measure of the intersection of A and Bis related to
those of A and B by

(A N B)Sa(A)An(B). (2.25)
In particular, if A and B are noninteractive,® (2.25) holds with the equality sign, i.e.,

(A n B)=n(A)An(B). (2.26)
By comparison, in the case of probability measures, we have

P(A n B)SP(A)AP(B) (2.27)
and
P(A B)=P(A)P(B) (2.28)

if A and B are independent and nonfuzzy. As in the case of (2.22), (2.26) is analogous to
(2.28), with product corresponding to min.

2.2. Possibility and information

If p is a proposition of the form p2X is F which translates into the possibility
assignment equation

Myx=F, (2.29)

where I is a fuzzy subset of U and A(X')is an implied attribute of X taking values in U,
then the information conveyed by p, I(p), may be identified with the possibility
distribution, T1y,, of the fuzzy variable A(X). Thus, the connection between I(p),
IT4x) R(A(X))and F is expressed by

1(p) =M 41y, (2.30)
where
My =R(AX))=T. (231)
For example, if the proposition p2 John is young translates into the possibility
assignment equation

I pgetsonny = young, (2.32)

ENoninteraction in the sense defined here is closely related to the concept of noninteraction of fuzzy
restrictions [5, 6]. It should also be noted that (2.26) provides a possibilisticinterpretation for “unrelatedness’
as defined by Nahmias [22].
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where young is defined by (2.5), then
I(JOhn iS young) = nAgeuohn) (233)
in which the possibility distribution function of Age(John) is given by
Tagegonn) =1 — S (1;20, 30, 40), uef0,100]. (2.34)
From the definition of I(p) it follows that if p L2 X isFand q 4 X is G, then pis at least
asinformative as ¢, expressed as I (p) 2 1(q), if F < G. Thus, we have a partial ordering of
the I(p) defined by
FcG=I(XisF)zI1(Xis G) (2.35)
which implies that the more restrictive a possibility distribution is, the more
informative is the proposition with which it is associated. For example, since very tall
ctall, we have

I(Lucy is very tall) = I(Lucy is tall). (2.36)

3. N-ary possibility distributions
In asserting that the translation of a proposition of the form p L2XisFis expressed by

XisF-»R(AX))=F 3.1
or, equivalently,
Xis F—I1 4 =F, (3.2)

we are tacitly assuming that p contains a single implied attribute A(X) whose
possibility distribution is given by the right-hand member of (3.2).

More generally, p may contain »n implied attributes 4,(X),..., 4,(X), with 4,(X)
taking values in U, i=1,..., n. In this case, the translation of p=X is F, where F is a
fuzzy relation in the cartesian product U=U, x - - x U, assumes the form

XisFoR(A(X),.. ., A,(X))=F (3.3)
or, equivalently,
X iS F-’H(AI(X).....A,,(X))‘:F (3.4)

where R(A4,(X),..., A,(X)) is an n-ary fuzzy restriction and I, (x),..., 4,xy 1§ an n-ary
possibility distribution which is induced by p. Correspondingly, the n-ary possibility
distribution function induced by p is given by

n(Al(x)“__’A“(x»(ul,...,u,,)=u,.-(u1,...,u,, y (ul,...,u,,)EU, (3.5)

where i, is the membership function of F. In particular, if F is a cartesian product of n
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unary fuzzy relations F, ..., F,, then the righthand member of (3.3) decomposes into a
system of n unary relational assignment equations, i.e.,

Xis F-R(4,(X)=F, (3.6)
R(4,(X))=F,

R(4,(X))=F,.

Correspondingly,®

M. oaon =T x - x Uy (3.7)
and

n(Al(X),...‘A,,(X))(ulv cen “n)=7f,4,(X)(u1) ANERRINAN nA,,(X)(un)a (3.8)
where

T4 ) () = i, (u), u;e U, i=l1,..,n (3.9)

and A denotes min (in infix form).

As a simple illustration, consider the proposition p = carpet is large, in which large is
a fuzzy relation whose tableau is of the form shown in Table 2 (with length and width
expressed in metric units).

Tabie 2

Tableau of large

Large Width Length pu

250 300 0.6
250 350 0.7
300 400 0.8
400 600 1

In this case, the translation (3.3) leads to the possibility assignment equation
n (width{carpet), length(carpet) = large, (3 . 10)

which implies that if the compatibility of a carpet whose width is, say, 250 cm and length
is 350cm with “large carpet” is 0.7, then the possibility that the width of the carpet is

250cm and its length is 350 cm—given the proposition p 2 carpet is large—is 0.7.
Now, if large is defined as

large = wide x long (3.11)

I F and G are fuzzy relations in U and V, respectively, then their cartesian product F x Gisa fuzzy relation
in U x ¥V whose membership function is given by u(u} A pg{v).
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where long and wide are unary fuzzy relations, then (3.10) decomposes into the
possibility association equations

nwld(h(curpel) = Wlde
and

n length(carpet) = long

where the tableaux of long and wide are of the form shown in Table 3.

Table 3

Tableaux of wide and long

Wide Width Long Length
250 0.7 300 0.6
300 08 350 0.7
350 0.8 400 0.8
400 1 500 1

3.1. Marginal possibility distributions

The concept of a marginal possibility distribution bears a close relation to the
concept of a marginal fuzzy restriction [4], which in turn is analogous to the concept of
a marginal probability distribution.

More specifically, let X = (X,,...,X,) be an n-ary fuzzy variable taking values in U
=U,x -+ xU, and let I1y be a possibility distribution associated with X, with
ny(uy,. .., u,) denoting the possibility distribution function of Ily.

Let g= (iy,. ., i;) be a subsequence of the index sequence (1,...,n) and let X, be the
g-ary fuzzy variable X, 2 (X, p++»Xy,). The marginal possibility distribution Iy isa
possibility distribution associated with X, which is induced by Iy as the projection of
I, on U(q,é U, x -++ x Uy. Thus, by definition,

Iy, = Projy, T, (3.12)

which implies that the probability distribution function of X, is related to that of X by

Tx (g =V x(w) (3.13)

gh

where u(q,é (41,5 U3, )5 q’i(j,,...,j,,,) is a subsequence of (1,...,n) which is
complementary to g (e.g., if n=>5 and qé(i, i,)=1(2,4), then ¢'=(j,,j2,j3)=(1.3,5),
A
Uy =(Uy,..-4; ) and v,  denotes the supremum over (u;,...,u; JeU; x ... x U, .
As a simple illustration, assume that U, =U, =U; ={aq, b} and the tableau of Iy is
given by






